Abstract. In this article, we obtain some further estimates of fundamental solutions comparing to Chau-Tam-Yu [1] and give some applications of the estimates on asymptotic behaviors of fundamental solutions.
Introduction
Let {g(t)|t ∈ [0, T ]} be a smooth family of complete Riemannian metrics on noncompact manifold M n of dimension n such that g(t) satisfies: Let us make the following assumptions on the family g(t) and equation (1.2) .
(A1) h , ∇h are uniformly bound on space-time, where the norm is taken with respect to t.
(A2) The sectional curvatures of the metrics g(t) are uniformly bounded on space-time.
(A3) |q|, ∇q , |∆q| are uniformly bounded on space-time.
1
Let H(t) be the trace of h ij (t) with respect to g(t).
In [1] , Chau-Tam-Yu, using the same trick as in Grigor'yan [4] , obtained some weighted local L 2 -estimate of u, and using this weighted local L 2 -estimate, they obtained a weighted L 2 -estimate for the fundamental solution of equation (1.2) .
In this article, we first, using the same technic as in Grigor'yan [5] , obtained some local weighted L 2 -estimates of ∇u and ∆u. Then, by the local weighted 
Some local integral estimates
In [1] , using the same trick as in Grigor'yan [4] , Chau-Tam-Yu get the following local weighted L 2 -estimate.
Lemma 2.1. Let Ω be a relative compact domain of M with smooth boundary and let K be a compact set with K ⊂⊂ Ω. Let u be any solution to the problem:
Let f be a regular function with the constants γ and A. Suppose
for any t > 0. Then there is a positive constant C depending only on γ, the uniform upper bound of |q| and |H|, and a positive constant D depending only on T , γ and the uniformly upper bound of h , such that
Ct for any t > 0, where r 0 (x, K) denotes the distance between x and K with respect to the initial metric g(0).
In this section, using basically the same trick as in Grigor'yan [5] , we get some local weighted L 2 estimates of ∇u and ∆u. 
Proof. Let D be larger than the D in the statement of Lemma 2.1 such that the
By the boundary conditions,
where C 1 is a positive constant depending only the upper bounds of |q|, X and h .
Similar computations give us that
with C 2 > 0 depending only on the upper bounds of |q|, h and X .
Therefore,
where C 3 = C 1 + C 2 , and
where C 4 = C 3 + 1. On the other hand, 
This implies that
We can assume that C 4 is greater than the constant C in the statement of Lemma 2.1. By Lemma 2.1,
. and |q|, such that
Proof. Let D be larger than the D in the statement of Lemma 2.2 such that the
by parts is valid in the following computations.
where C 1 > 0 depends on the upper bounds of |q|, ∇q and h .
Hence, combining the computations in the proof of Lemma 2.2, we have
where C 2 > 0 depends on the upper bounds of |q|, ∇q and h .
Then,
where C 3 = C 2 + 1. On the other hand,
Hence,
.
Estimates of Fundamental Solutions
We can assume that C 3 is bigger than the constant C in the statement of Lemma 2.2. Then
This completes the proof.
Some integral estimates of fundamental solutions
Let Z(x, t; y, s) and Z k (x, t; y, s) be the same as in Chau- Tam 
In this section, we get some integral estimates of ∇Z and ∆Z. 
where C 2 depends on the equivalent constant of the family g(t), C 3 depends on C 1 , p and C 2 , C 4 depends on the lower bound of the Rc 0 and n, C 5 depends on C 4 , T and n, and D 2 depends on p and D 1 .
The same argument using Hölder inequality give us
where C 6 depends on C 1 and p.
Summing the above inequalities together, we get the first inequality. The proof of the second one is similar. 
for any 0 ≤ s < t ≤ T .
Proof. We only prove the first inequality, the proof of the second one is similar.
Note that
By Lemma 2.1, and Lemma 2.2, there is some D 1 > 0 and C 3 > 0, such that
for any k and 0 ≤ s < t ≤ T .
By Fatou's lemma,
By the same arguments as in the proof of Corollary 3.1, we have the following corollary. 
By the same arguments as in the proof of Proposition 3.1 and Corollary 3.1 using Lemma 2.3. We have the following integral estimate of ∆Z. 
for any 0 ≤ s < t ≤ T . 
Gaussian upper bound of the gradient of fundamental solution
Proof. Fixed 0 ≤ s < T and σ ∈ (0, T − s − σ). Let u(x, τ ) = Z(x, τ + σ + s; y, s).
. By Lemma 6.3 in Chau-Tam-Yu [1] (It was proved in [1] only for Ricci flow, but we can prove it by the same argument without any difficulty within our setting.) ,
where we have used the inequality log(1 + x) ≤ x.
Hence, for any s < t, by letting
This completes the proof of the first inequality. The proof of the second inequality is just the same. 
So, a direct computation shows that u is a weak solution of the Cauchy problem.
By regularity theory, it is actually a classical solution.
Uniqueness comes directly from the maximum principle.
Remark 4.1. This representation formula was obtained by Guenther ([6] ) on compact manifolds.
Some Asymptotic Behavior of the fundamental solution
The following asymptotic behavior of the fundamental solution is basically the same as in Garofalo-Lanconelli [2] . Since our setting is different with the setting in Garofalo-Lanconelli [2] , we give a detailed proof here. 
t (x,y) 4t
on Ω × Ω × (0, δ], for some positive constant C.
Proof. We enlarge Ω to a compact domain Ω
for any t ∈ [0, δ]. Let ǫ > 0 be such that B t y (2ǫ) is a convex geodesic ball of (M, g(t)) for any t ∈ [0, δ] and y ∈ Ω ′ .
For each t ∈ [0, δ] and y ∈ Ω ′ , Let (r t y , θ t y ) be the polar coordinate at y of (B t y (2ǫ), g(t)). Then
We divide the proof into the following steps.
Step 1. Construction of u 0 .
Let
Then, G(x, y, t) is smooth on U , and
∂ log det g(t)(r, θ) ∂r G.
Let u 0 (x, y, t) be a function to be determined. Let 2 be the operator
∂ log det g(t)(r, θ) ∂r u 0 G.
We require u 0 to be such that the coefficient of G is vanished and u(y, y, 0) = 1. That is to solve the ODE:
is the solution of the ODE with the initial data. So u 0 is positive and smooth function on U . For this u 0 , we have
Step 2. Let ζ be a smooth function M such that ζ ≡ 1 on Ω and
where [7] ) in the sense of distributions. By maximum principle, we know that v is non-positive.
